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ABSTRACT 

Special  relativistic  field  theories  involving  tensor  fields  and 
derivable  from   variational  principles  are  generalized  to  general  relativistic 
theories.   It  is  assumed  that  the  Lagrangian  is  a  function  of  the  tensor  field 
components  and  their  first  derivatives.   The  Lagrangian  is  first  written  in  a 
general  coordinate  system  in  Minkowski  space-time  and  then  the  restriction  that 
the  underlying  space-time  is  flat  is  removed.   The  Einstein  field  equations 
for  the  gravitational  field  may  be  derived  as  was  shown  by  Hjlbert,  and  the 
matter  energy  tensor  is  obtained  as  a  function  of  the  tensor  field.   The 
technique  of  E.  Noether  is  used  to  derive  conservation  laws  and  relations  be- 
tween the  various  matter  energy  tensors  which  arise. 


CONSERVATION  IAWS  AND  VARIATIONAL  PRINCIPLES 
IN  GENERAL  RELATIVITY 


1.   Introduction 

In  this  paper  we  examine  a  method  of  formulating  in  general  rela- 
tivity a  field  theory  described  in  special  relativity  "by  a  variational 

principle  involving  a  Lagrangian  function  which  is  a  scalar  function,  in 

1    n 
Minkowski  space  time,  and  which  in  turn  depends  on  a  tensor  field  cp 

V-,  .  •  -v 
A  1    m 

(written  as  cp.)  and  its  first  derivatives.   The  method  we  shall  employ  is 

derived  from  a  form  of  the  equivalence  principle  and  is  as  follows: 

We  shall  use  a  general  curvalinear  coordinate  system  in  Minkowski 
space-time  in  which  to  express  the  Lagrangian  function  aC.      We  shall  then  con- 
sider the  g   occurring  in  X.  as  the  metric  tensor  of  a  general  Riemannian 
space  and  determine  the  nature  of  this  space  by  deriving  the  Einstein  field 
equations  from  the  variational  principle 

5  1=0  (1.1) 
g 

with 

i  =  /  (RtK#  ^g  aSc,  (1.2) 

Jv 

R  the  scalar  curvature  of  the  Riemannian  space,  and  6  I  the  variation  in  I 

g 

produced  by  a  variation  of  the  quantities  g   .   The  equation  determining  the 
tensor  field  cp  will  be  taken  to  be  the  Euler  equation  of 

6  1=0  (1.3) 

cp  v   ' 

where  5  I  is  the  variation  in  I,  given  by  equation  (1.2),  produced  by  a  varia- 

tion  of  the  tensor  field  cp 

V-,  •  •  -v 

1    m 

It  will  be  shown  that  there  exists  a  symmetric  tensor  T   formed 

from  the  components  of  cp  and  g   which  as  a  consequence  of  equation  (l-3) 

[J.  v 

satisfies 


T^V  =  0  (1.10 

;v 

where  the  semi-colon  denotes  the  covariant  derivative  and  as  a  consequence  of 
(1.2)  satisfies 

G^V-  R^V  -  |g^VR  =  -KT^V  (1.5) 

where  R   is  the  Ricci  tensor  of  the  space-time  with  metric  tensor  g   .   The 

°uv 

tensor  T   may  thus  "be  said  to  represent  the  "gravitational  matter  tensor" 
which  "creates"  the  gravitational  field  represented  by  the  metric  tensor  g 

[J,  v 

uV 
Another  tensor  t   ,  a  nonsymmetric  one,  which  is  a  generalization 

of  the  special  relativity  "  inert  ial"  stress -energy  tensor  of  the  field  cp  will 

also  be  derived.   It  will  be  shown  that 

tpu  +  2Tpu  +  npm-X  =  0  (1>6) 

where 

NpuX  =  _  Np\u  (1>?) 

Equation  (1.6)  thus  relates  the  inertial  and  gravitational  matter  tensors. 

2.   Notation 

In  order  to  avoid  an  excessive  use  of  indices,  we  employ  the  following 
notation. 

A     1    n  /_  _  N 

V     ~   9     _    T  (2.1) 

1"   m 

The  symbol  ~   is   to  be  read  as   "stands   for." 

A  1  n  In 


q>  ...  '  r  .  ,.t         =  9 

'1'  '  '   m;u  "1"       "m.,[i 


iV-  TT*'T«....  Tn-"T. 


a.  . .  .a.   _pa.   _  . .  .a  a. 

1  i-r     l+l         n 


+  >     cp  i-J.     "*         n  pi  (       } 


1 


I 


DLX 

1         m 


ff_ . .  .a 

In  p 

cp  rrH 


T     .  .  .T  .        pT  .         .  .  .1     i      T  .11 
1  J-1K    J+l  m  J^ 
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where  the  comma  denotes  the  ordinary  derivative  and 

,P  ~PX  ] 


Tax   =g       2    (W   +  S^a   "  ^t^"  (2°} 


Ll 

We  also  write  ty.,    and    ty  ^  where 


t     .  .  .T 

1  n 

T      .  .  •  T 

[i  I'm  \i 

1  n 


and 


t   . .  .t  cr.  ..  .a 

A         .    1  m  In  /_    _v 

♦"A*     ~*  a,.. .a     *  r    ...t  (2-5) 

In  1         m 

ll     A  1         m  ll       1         n  /_   r\ 

In  1  m 

That  is,  the  quantity  given  in  (2.5)  is  a  scalar  and  that  in  (2.6)  is  a  vector. 

We  consider  ^  as  a  function  of  three  sets  of  variables:   g   .  cp 
and  cp    and  define 

%   -  &■  (2.8) 

dcp 

pa  =-^    '  (2-9) 

dcp 

;n 

In  each  case  the   remaining  two   sets   of  variables  are  kept   constant   in  the 
partial  differentiations. 
We  also  define 

_.pA.p.       \  1         m  ll       1  l-l     l+l         n  1 

^  1         n  1         m 

(2.10) 

Tn  .  .  .T  .    n\T  .    .  .  .  .T  O^  .  .  .0 

1  j-1     j+1  m  ll        1  n  ap 

P  9  g  H 

In  1         m-1      j  m 

J 


■It- 


It   follows  from  equations  (2.3)  that 

<T   =  8P4   (6goMT   ♦  8gXT;o   -   8gaT.x)  (2.11) 

and  from   (2.2)    that 

a  a  v- 1      an  .  .  .a.    ,  pa.    -.  .  .  .a  a . 

e/  A      N         /c  Av  \  1  i-lH    l+l  n  cn    ! 

•<*,„>-<*>,„ -£  »  v^1^ 

i 

-)   cp x     m  5rp 

Y  Tr--Tj-ipVi---Tm     \f 

where  the  variations  are  produced  by  varying  the  cp  and  the  g   . 
Hence 


Pa  6^AJ  "  Pa  ^A).,    =  \  pXp,i  ^-u  +  6s^-n  -  5guo-X} 

A  ;u  A  ;u        d  A.PJM-  H±sP  JJ-p ,  A. 


=  M^  8gx 


where 


MA.PU    =    J.    ^pA.PU    +    pPAU    +    p^UP    +    pPU^    _    pUPA.    _    pUA.P^  (2.13> 


IXP^  ._  i  (p^-P^  +  pP^  +  p^P  +  d3^   t^P^-   tJ^P 

k 

It  follows  from  this  equation  that 


(2.12) 


^Xpu  _  p\pu  ,  1  (pp\u  _  p\pu  +  p^up  +  ppu\  _  pUpX  _  pu\p^      (2.14) 


3-   The  Euler  Equations 

The  relation  between  the  energy -momentum  tensor  for  the  cp-field  which 
appears  in  the  Einstien  field  equations  and  the  variation  of  <5*f  with  respect  to 

rii 

the  g   was  first  pointed  out  by  Hilbert   J  as  is  noted  in  Pauli's  classical 
discussion  of  the  theory  of  relativity  [2]  where  additional  references  may  be 
found.   In  this  section  we  shall  derive  the  Einstein  field  equations  and  the 
equations  that  must  be  satisfied  by  the  cp-field. 


-5- 


The  total  variation  of  the  integral  I  given  "by  equation  (1.2),  that 
is  the  change  in  I  produced  by  the  changes  6g   and  Sep   is  given  by 

51   =   8   I  +   8   I 
g  9 

A    L   J*    Kf   A 


+    (G^V  +  K'O    8g|V  +K-(qABcpA  +  P^  B(q>.„)) 


Vv 


■A 


{(rr-gpvff)V;PL]^a 


(3-D 


where  G   is  defined  in  equations  (1.5),  qA  in  (2.8)  and  p^   in  equation  (2.9) 


A 


'A 


It   follows   from  equation    (2.12)    that   equation    (3-l)   may  be  writter 


as 


61   =f    [(G^V   +  ^V)    Bg        +  R(qAScpA  +  P^   (&cpA);| 
V    " 


+  M^°   8g ) 


(  pa  u-v         pp.  vefs    e 
(g     g       -  g     g     )   &£ 


M-v;pJ  ;a 


g  d  x 


On  integrating  by  parts   this    in  turn  may  be  written  as 


81   = 


-^{[g-^^K^-p^b/}^ 


A 


V 


■Crf""   Bg+Kp?V   -    (gp0g^-gPV0)5giiv.f 


(3.2) 

g  d  x 


v^ff 


where  the  symmetric  tensor 


(3-3) 


and  M^va  is  defined  by  equations  (2.10)  and  (2.I3). 

By  requiring  61  to  vanish  for  arbitrary  variations  which  vanish  on 
the  boundary  of  the  region  V  we  obtain  the  Euj_er  equations 
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G^v+|anv=0  {3k) 

and 

FAE%"  »L  "  °  (5-5) 

Equations  i^.h)   are  the  Einstein  field  equations  with  a  matter  tensor  given  "by 
equation  (3'3)-   Because  this  tensor  arises  from  the  variation  of  I  with  respect 

to  the  gravitational  field  g   we  call  T   the  gravitational  matter  tensor. 

uv 

Note  that  even  in  the  Minkowski  space-time  T^   is  different  from  0^   in  a 
general  coordinate  system. 

Equations  (3«5)  are  the  equations  for  the  field  cp  .   They  may  be 
obtained  from  the  special  relativity  equations  in  a  galilean  coordinate  system 
by  replacing  every  ordinary  derivative  by  a  covariant  one.   They  obviously 
reduce  to  the  equations  of  special  relativity  in  case  the  tensor  g   is  the 
metric  tensor  of  Minkowski  space-time. 

k.      Infinitesimal  Coordinate  Transformations 

In  this  section  we  shall  use  a  technique  similar  to  that  of 
E.  Noether  [  3]  to  derive  conservation  laws  from  the  invariance  properties  of  the 
Lagrangian . 

Under  the  infinitesimal  coordinate  transformation 

a  a*  a        .a  ,,    _  x 

x  — >  x   =  x  +  |  (^-l) 

where  £   is  an  arbitrary  vector ,  the  products  of  whose  component  may  be 
neglected,  the  integral  I  undergoes  the  variation 


51  =  -J        (R  -  K^H0 


-g  A  (k.2) 


since  the  boundary  of  the  region  of  integration  is  transformed  and  since  the 
integrand  is  a  scalar  function  of  coordinates. 


-7- 

Since  the  g   and  cp  are  tensors  they  are  transformed  under  (^.l) 
in  accordance  with  the  equations 


T 


guv(x  }  =  gaT  (x(x)) 


*  .  dx   dx 


ox   ox 


and  a  corresponding  equation  for  cp  .   These  produce  variations  in  the  fields 

g   and  cp  given  by 
uv 


6g   =  -  5    -  'I 

M-v     u;v    v;u 


(h.3) 


.      o^...o                                v— i  on...a.   pa.   . . .a        a. 

e  A       In         .p   \  1    l-l1^  l+l    n       ,  l 

*"   ~  **                     T....T    '   +  /L  *                      T....T  5  ;p 

1    m:p     .  1    m   'K 
l 


(+-M 


9 


cr_  ..  .a 

1    n 


1    j-lp  j+1    m   '  J 


obtain 


On  substituting  equations  (4-3)  and  (^-^)  into  equation  (3.2)  we 


5i  =  f  {  (2je^v  +k^v)  i  .   +k^acpa  A^i  A 


Jv      n;v    p  '  ;o 


v 


(R  -K5C)  l' 


_ha 


v  -g  d  x 


(^•5) 


where 


i 


T  .  .  .T 

1    m 


1    l-l   l+l    n 


a,  .  .  .o .  .  va.  ....  .a 

au.  1    l-l  l+l    n 
5  ^cp 


1    m 


1    j-1   j+1    m 


a  . .  .0 

1    n 


a. . .  .o 

1    n 


cp 


,P^ 


Tn  .  .  .T  .  npT  .    .  .  .T 

1    J-1  J+1    m 


and 


a     a  A     ca  ^ 
t   =  p   cp    -  8  X; 

p     A    ;p    p 


(  +  •6) 


■8- 


in  deriving   (4.5)   we  have  made  use  of  the   fact   that 

2G^V|  -    (gPVV-gPVa)U        ^        )  =   -    (R*°)    n 

u;v  u;v     v;u   ;pa  ;a 


Note  that 


iT    =  0 


when  equations    (3-5)   are   satisfied. 

Since  the  tensor  N  is  antisymmetric   in  v  and  a  we  have 

(I   N^Va)  =  0 

u  '  ;vo 


That   is, 


(g        N^va   +   |   #W)        =  0 


or 


ruva- 


Tuav 


(g        N^vu)        =    (|   N^v) 
u;v  ja  u     ;v   ;o 

In  view  of  this   equation  and  equation    (4.2)   we  may  write   equation    (4. 5)   as 


V 


n^V      ,     TUV 


A     eP 


(2T^V   +  O    |  +  FAcp"     | 

;    bu;v         AY    ;pb 


/ > 

"v  -g  d  x 


V 


(t  °  +  N   CTV)    gp 

p       p;v       jj 


-g  d  x  =  0 


(^.8) 


On  integrating  this   equation  by  parts  we   obtain 


f    (FflcpA        -   2T  °      -L°   )    lPS^A 

+   f       (2T  °V  t  *+  H  ^  )  lP]       ^d^x   =  0 
Jv  I.       P         P         P  ;v    "    J;a 


(*.9) 


When  the  tensor  field  cp   is  a  solution  of  the  Euler  equations  (3-5) 
the  above  equations  become 


T^v^ 


n;v 


■sT-e 


4 


g  d  x  + 


V 


(t  °  +  N  uv  )|p 


av 
P  ;v 


V-g  d  X 


(4.10) 


and 
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Jv   ;v  u 


V 


(21^  t-  +  N  °v  )|P 

p   p   p  ;v   j,' 


r    d  X  =  0 


(4.1l) 


Both  equations  must  hold  for  arbitrary  volumes  and  arbitrary  vectors  £ 

If  E   is  a  Killing  vector,  that  is,  satisfies 
u 

M-;  v    v;u 
then  equations  (4.10)  implies  for  such  vectors  that 


H 


(t  °;N  av  )*' 

p   p  ;v' 


J;° 


t  <V  +  Npva| 
p  '       p;v 


;a 


=  0 


(4.12) 


Killing  vectors  need  not  exist  in  a  space-time  satisfying  the  Einstein  field 
equations.   As  is  well  known  there  are  ten  linearly  independent  Killing  vectors 
in  Minkowski  space-time- -the  generators  of  the  inhomogeneous  Lorentz  group. 
Equations  (4.12)  for  these  Killing  vectors  are  the  conservation  laws  of  energy 
momentum  and  angular  momentum  discussed  by  Belinfante  and  by  Rosenfeld.   Since 
the  tensor  t   satisfies  these  conservation  laws,  in  special  relativity,  we 
may  consider  it  as  the  inert ial  energy  tensor. 

Since  equation  (4.1l)  must  hold  for  arbitrary  vectors  and  arbitrary 
volumes,  we  must  have 


and 


2TP°  +  tp°  +  Npav  =  0 


(^.13) 


(4.14) 


Equation  (4.13)  is  a  consequence  of  equation  (3-4).   We  have  now  shown  that  it 
follows  from  the  invariance  properties  of  ^   and  the  cp  field  equations^ 
equation  (3-5)-   Thus  equations  (4.13)  and  (4.14)  hold  in  special.relativity . 
As  was  pointed  out  in  the  introduction,  equation  (4.14)  relates  two 


energy  tensors,  the  gravitational  one  T^  and  the  inert ial  one  v  , 


■10- 


It  follows  from  equations  (k.lj)   and  (^.1*+)  that 

=  .  1  (NP°v   .  Npav  ) 
;va     2     ;va      ;av 


tpa  =  -  NpaV 


=  \  NTOV  Rp 


xva 


(^•15) 


-P° 


This  equation,  which  may  be  derived  directly  from  the  definition  of  tK  and 
equations  (3»5)>  reduces  to 

tpa  =  0 


in  the  case  of  special  relativity. 

It  should  be  noted  that  as  a  consequence  of  equation  (^.13),  equation 

(4.1l)  may  be  written  as 

/ —  k 
v  -g  d  x  =0 


V 


(2T  tf+  t  ^N  °V  )  ^P 
P    p   p  ;v 


j> 


which  in  turn  may  be  written  as  an  integral  over  the  hypersurface  S  boundary 
the  volume  V,  namely 


2T  °;  t  <^N  °V 
p   p   P  ;v 


r  n  dS  =  0 
a 


(h.±6) 


where  n  dS  is  the  element  of  volume  in  S,  and  £   is  an  arbitrary  vector. 
Equation  (1+.13)  may  be  used  to  relate  the  time  rate  of  change  of  the  three- 
demensional  volume  integrals  of  T  and  t  by  choosing  the  hypersurface  surface  S 
to  consist  of  the  hyperplanes  t  =  constant  and  t  +  dt  =  constant. 


5.   Concluding  Remarks 

The  results  obtained  above  may  be  readily  generalized  to  the  case 
where  there  are  a  number  of  cp-fields  present.  In  such  a  case  for  each  such 
field  there  will  be  an  associated  T   and  a  corresponding  t   .   The  right-hand 


side  of  the  Einstein  field  equations  will  contain  the  sum  of  the  T 


V-V 
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and  this  tensor  will  be  related  to  the  sum  of  the  v   "by  equations  analogous 
to  equations  (k.lk) . 

In  case  the  cp-field  is  a  spinor  field  a  simular  discussion  to  that 
given  above  can  be  made.   The  special  relativistic  Lagrangian  must  first  be 
generalized  by  replacing  ordinary  derivatives  of  the  spinor  field  by  covariant 
ones .   The  variations  in  the  metric  tensor  may  be  performed  by  varying  the 
generalized  Dirac  matrices  which  satisfy  the  relation 

7     7      +  77      =  2g   1. 

U   V      V   (i.       U-V 

The  details  of  this  process  will  be  described  in  a  subsequent  paper. 
It  should  be  pointed  out  that  if  we  define  the  scalar 

y-  4  <o  -  *■ 

then  equations  (3.5)  become 

p°  --&£  (5.1) 

and 

These  two  equations  are  similar  to  the  Hamiltonian  equations  for  particles. 

Note,  however,  that  V  is  not  t   nor  t.  •  Thus  if  in  virtue  of 

equations  (5«l)  we  call  ^y  the  Hamiltonian  it  is  related  to  t   through  the 

P 


equations 


y=tP+5^  (50) 


Thus  the  connection  of  the  Hamiltonian  with  the  stress  energy  tensor  involves 
the  Lagrangian  function. 
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